Black hole 'spectroscopy', i.e. the identification of quasinormal mode frequencies via gravitational wave observations, is a powerful technique for testing the general relativistic nature of black holes. In theories of gravity beyond General Relativity perturbed black holes are typically described by a set of coupled wave equations for the tensorial field and the extra scalar/vector degrees of freedom, thus leading to a theory-specific quasinormal mode spectrum. In this paper we use the eikonal/geometric optics approximation to obtain analytic formulae for the frequency and damping rate of the fundamental quasinormal mode of a generalised, theory-agnostic system of equations describing coupled scalar-tensor perturbations of spherically symmetric black holes. Representing an extension of our recent work, the present model includes a massive scalar field, couplings through the field derivatives and first-order frame-dragging rotational corrections. Moving away from spherical symmetry, we consider the simple model of the scalar wave equation in a general stationary-axisymmetric spacetime and use the eikonal approximation to compute the quasinormal modes associated with equatorial and non-equatorial photon rings. * hosilva@illinois.edu † kostas@um.es
I. INTRODUCTION
The first direct detections of gravitational waves (GWs) from coalescing binary black holes by the LIGO/Virgo collaboration have marked the beginning of the GW astronomy era [1] [2] [3] . This new form of astronomy has allowed us to test General Relativity (GR), and to constrain modifications to it, in a regime where the theory's full nonlinearity is manifest for the first time, see e.g. [4] [5] [6] [7] .
One of the main goals of present and future GW observatories is to detect the 'dying GW notes' emitted by the merger remnant as it relaxes to its final state. This 'ringdown' is characterized by a set of complex-valued frequencies known as quasinormal modes (QNMs), which depend only on the properties of the final black hole, that is, its mass and spin. The detection of two or more QNMs would allow us to do black hole 'spectroscopy' [8] , that is, to infer the properties of the remnant black hole by its QNM spectra, analogously to how atomic elements can be identified by their emission spectra [9] [10] [11] [12] [13] [14] [15] .
From a fundamental physics standpoint, the most appealing aspect of black hole spectroscopy is the prospect of testing the 'Kerr hypothesis', which states that all astrophysical BHs are described by the Kerr metric [16] . A violation of this hypothesis would hint towards new physics beyond GR [17] . This has motivated considerable effort in modeling the QNM spectrum of black holes outside the Kerr paradigm, ranging from model-independent parametrisations [18] [19] [20] [21] [22] [23] to calculations done in specific beyond-GR theories, e.g. [24] [25] [26] [27] [28] [29] [30] [31] .
In this paper we continue our programme started in [32] (hereafter 'Paper I'), where we used the eikonal/geometric optics limit to calculate analytically the quasinormal modes associated with coupled tensorscalar systems of wave equations which arise naturally in theories beyond GR. Our goal is to extend Paper I in two important directions: (i) by studying a more general system of equations and (ii) by including the leading-order slow rotation corrections. We also consider stationary-axisymmetric spacetimes, where for simplicity, we consider massless scalar field perturbations. We use the eikonal limit to study the the QNMs of massless scalar perturbations associated with equatorial and nonequatorial photon rings which arise in certain non-Kerr geometries.
The rest of this paper is organized as follows. In Sec. II we introduce the coupled system of perturbation equations studied in this paper. In Sec. III we consider the leading-order eikonal formulae that arises from this system and in Sec. IV we introduce an effective potential associated with these perturbations. The QNM calculation is completed in Sec. V, where we the consider subleading order eikonal QNM corrections. These sections constitute the main calculation of this paper and the main results are summarized in Sec. VI. In the two following sections we relax some of the assumptions made in the previous sections. First, in Sec. VII we explore the possibility of noncanonical eikonal QNMs. Next, in Sec. VIII, we study the scalar eikonal QNMs in generic axisymmetric and stationary backgrounds. Our conclusions and possible directions for further work are found in Sec. IX.
Throughout this paper we use geometric units G = c = 1. Primes stand for radial derivatives d/dr. For any function f (r) we use the abbreviation f z ≡ f (r z ). When enclosed within brackets, numeric indices label the eikonal order of a given function, otherwise they represent slow-rotation expansions.
II. THE COUPLED WAVE EQUATIONS
We consider perturbed non-GR black holes described by a general system of wave equations with two coupled scalar-tensor field degrees of freedom {Θ, ψ}. Our equations are supposed to be theory-agnostic but they do include, for instance, the perturbation equations of Schwarzschild black holes within the framework of the generalised class of scalar-tensor theories discussed in [19] . Although we assume spherically symmetric black holes, we can also allow for the possibility of first-order rotational corrections. After the separation of the angular part and assuming a ∼ e −iωt time dependence, the system of coupled equations takes the form,
We have denoted with x = x(r) the tortoise coordinate that eliminates the first order radial derivative in the equation for the tensorial field ψ. The potential V ψ in that equation can be assumed to be identical to the Schwarzschild's spacetime Regge-Wheeler or Zerilli potential while the potential for the scalar field Θ (to which we assign a mass m with associated inverse Compton wavelength µ ≡ m/ ) is allowed to deviate from GR:
We further assume that the functions {f, g, α, ζ} carry no ℓ or ω dependence. In contrast, the coupling functions {β ψ , β Θ , b 1 , b 2 } are a priori expected to depend on both of these parameters. For later convenience we define,
The rotational terms −2mωΩ appearing in the above equations have been added 'by hand' and correspond to the leading-order spin term of the scalar wave equation in GR, assuming a stationary-axisymmetric spacetime with a g tϕ = −Ωr 2 sin 2 θ metric component (in GR the 'framedragging' angular frequency turns out to be Ω = 2J/r 3 where J is the black hole's angular momentum [33] ). As a disclaimer, it should be pointed out that the possible presence of rotational corrections in the coupling terms has not been taken into account here. We should also note that the leading order spin term in the gravitational equation is expected to be significantly more complicated than the one assumed here; this can be demonstrated by taking the slow-rotation limit of the Sasaki-Nakamura equation in the Kerr spacetime [34] or by deriving from scratch the Regge-Wheeler and Zerilli equations with leading-order rotational corrections [35] . However, the eikonal limit of this term is −2mωΩ + O(ℓ −1 ) which means that for the purpose of this work it will suffice to assume the same rotational term in both equations. The system (1) includes as a limiting case the perturbation equations discussed in Paper I. Those equations describe a massless scalar field without rotation and no couplings through the field derivatives, i.e. µ = Ω = γ ψΘ = δ ψΘ = 0. In addition, the remaining coupling β ψΘ was assumed to be ω-independent.
The eikonal ansatz
where ǫ ≪ 1 is a bookkeeping parameter, leads to
and
whereṼ (r) = f (r)/r 2 . In the canonical case where the coupling functions vanish at the event horizon and at infinity, the appropriate QNM boundary conditions for the phase function are,
The strategy for manipulating the above system is to solve Eq. (6) for B and insert the result in Eq. (7) , expecting that the amplitudes and the exponential terms will not appear in the final result (an alternative method is discussed at the very end of this section). The eikonal limit is to be taken afterwards in this final expression. As already discussed in the eikonal calculation of Paper I, we assume ℓǫ = mǫ = O(1) and ω = O(ℓ) (as first established by Press [36] ). The scalar mass µ is an independent parameter without any eikonal scaling. However, we are going to formally treat it as a leading order parameter since we would like our model to include scalar fields with µ ∼ ω. In addition, we work to leading-order in Ω. The resulting equation coming out of the system (6)-(7) is:
This expression displays all O(ǫ −4 ) leading order and O(ǫ −3 ) subleading order terms. All O(ǫ −2 ) terms (and higher order) have been omitted as they will not play any role in the subsequent analysis. Notice that all coupling terms have been retained due to their yet unspecified eikonal order. Eq. (10) contains a number of residual coupling terms with the exponential e i(H−S)/ǫ , the amplitudes A, B and their derivatives appearing in them. These terms are clearly undesirable because they inhibit the proper implementation of the eikonal limit. Fortunately, all these terms can be effectively removed from the group of leading order terms by placing suitable constraints on the eikonal order of the coupling parameters appearing in them. At the same time, we are interested in calculating 'canonical' QNMs, which have a non-trivial GR limit. This requirement simply means that no coupling term in (10) should exceed O(ǫ −4 ). More exotic scenarios where ω is allowed to scale with a higher power of ℓ and the coupling terms can exceed O(ǫ −4 ) are discussed in Sec. VII. According to this course of action we can remove the
. This scaling automatically pushes 'under the carpet' the term ∼ β ψ e i(H−S)/ǫ (gB ,x + B ,xx ). For the same reason the removal of the terms ∼ ǫ −2 (S ,x ) 2 δ ψΘ and ∼ ǫ −1 S ,x γ ψΘ is accompanied, respectively, by the constraints δ ψΘ ≤ O(ℓ 2 ) and γ ψΘ ≤ O(ℓ 3 ). These constraints will be subject to revision once we move to the subleading order analysis.
Before proceeding with our eikonal analysis we should emphasize that another approach to the solution of the system (6)- (7) consists in the elimination of B together with its derivatives B ,x , B ,xx in the latter equation. This equivalent method leads to the same leading order-results as the ones we discuss in the following section. The agreement extends to the subleading-order results provided S ,xx = H ,xx at the same point where the eikonal formulae are to be evaluated (this is the 'potential peak' r = r m where S ,x = H ,x = 0, see below for details).
III. LEADING-ORDER EIKONAL ANALYSIS
Having at our disposal the general expression (10) it is straightforward to isolate the leading order terms:
where we have assumed the following eikonal expansions for the coupling parameters,
with the underbraces (here and elsewhere in the text) indicating the eikonal order of the different terms. We note that the ℓ-scaling of the last two parameters will be reduced by one order as a consequence of the constraints placed by Eq. (27), see the following section. The next step is to assume a 'peak' radius r = r m where S ,x = H ,x = 0. Then Eq. (11) yields
We observe that the dominant eikonal coupling terms β
ψΘ do not contribute to the leading-order frequency ω. In general β ψΘ may be a function of ω. To account for such possibility we assume that the leadingorder eikonal term can be written as,
This expansion implicitly assumes that all ω-dependence arises from time-derivatives of the perturbation variables and that these derivatives are of second order at most hence the absence of a ∼ ℓω 3 term. With this expansion, Eq. (16) becomes
Let us first consider the nonrotating limit (Ω = 0). Although Eq. (18) can be solved analytically in this limit, the resulting roots are too cumbersome. Instead, we focus on the simpler case β 3 = 0 for which (18) is a biquadratic with roots,
Switching back to the system with rotation, we use in (18) the following expansion for the frequency,
The rotational correction ω 1 is easily obtained from the O(Ω) part of (18),
where the second equation follows from using (19) .
In order to obtain a fully consistent O(Ω) result for σ ± we need to account for the rotational correction in r m itself. Decomposing r m as
we ought to Taylor-expand the ω ± (r m ) roots in Eq. (19):
Then,
where Ω 0 = Ω(r 0 ) and ω 1 is given by (21) with r m → r 0 .
IV. THE EFFECTIVE POTENTIAL
To complete our leading-order analysis we need to derive an equation for r m , to enable us to calculate σ ± . To do so, we first take a r-derivative of (11) and then set r = r m (where S ,x = H ,x = 0), which yields
where x ′ = dx/dr. The third line's parenthesis term is clearly undesirable and can only be removed by reducing by one order the eikonal scaling of the coupling parameters, such that hereafter
By doing so we are also dropping terms proportional to {B ,x , H ,x } in the calculation of the previous section. This has a harmless effect because these terms did not contribute to the final result. After the removal of the parenthesis term, Eq. (25) can be identified as the radial derivative of an effective potential,
defined as
which we decomposed into nonrotating and rotating contributions, defined respectively as,
The peak r m = r 0 of the non-rotating system can be associated with an extremum of the potential V eff , i.e.
The rotational correction r 1 can be obtained by expanding U ′ eff (r m , σ ± ) = 0 around (r 0 , ω 0 ). We obtain,
where the subscript '0' means that the functions inside the brackets should be evaluated at (r 0 , ω 0 ). This completes our leading-order eikonal analysis of Eqs. (1).
V. SUBLEADING-ORDER EIKONAL ANALYSIS
After obtaining the leading-order eikonal formulae we can now proceed to the subleading-order calcualtion. As in Paper I, carrying the analysis to this order will yield formulae for the imaginary part and the subleading real part of the QNM frequencies.
The first step of the subleading analysis is the frequency expansion,
The coupling functions are still expanded as in (12)- (15) 
The subleading equation corresponds to the O(ǫ −3 ) part of (10) after the coupling parameters expansions have been inserted. When evaluated at r = r m that equation becomes,
Eq. (37) has two features worth noticing. First, the nonrotating part depends only on { β
ψΘ } are absent altogether. Second, the rotating part depends only on µ 2 , but implicitly on the β As in Paper I, the imaginary (real) part of (37) will furnish ω I (ω (1) R ). However, the identification of these two parts requires some prior input for the ω-dependence of β (1) ψΘ and δ (0) ψΘ . We first consider the simplest scenario in which these two coupling parameters are real and frequency-independent.
A. Subleading order analysis with ω-independent and real β
ψΘ and δ (0) ψΘ
Isolating the real and imaginary parts of (37) we find respectively
and 2ω (0)
This pair of equations can be algebraically solved for ω (1) R
and ω I . Next, we substitute [cf. Eqs. (20) and (35)]
and then expand to leading-order in rotation. These steps lead to:
where we defined the auxiliary functions
To proceed we must calculate the derivatives (S ,xx ) m and (H ,xx ) m , which appear in Eq. (41) . To do so, we first write Eq. (11) in the following equivalent form (after taking into account the revised ℓ-scaling of the coupling parameters):
This expression can be subsequently Taylor-expanded around r = r m with the help of,
with δr ≡ r − r m . The resulting O(δr 2 ) accurate expression with ω = σ ± is,
At this point we need to provide a relation between (S ,xx ) m and (H ,xx ) m . As we did in Paper I, we set
The same condition is enforced by the alternative method discussed at the end of Section II. We can subsequently solve Eq. (50) for (S ,xx ) 2 m and then make a slow-rotation expansion to find
where (V ′′ eff ) m ≡ V ′′ eff (r m , ω ± ) and
We take the square root so that (S ,xx ) m > 0 and once again make a slow-rotation expansion to obtain,
where
We can now return to Eq. (39) and solve for ω I . We obtain,
with
To obtain C m we used ω 4
where V eff is given by Eq. (29) .
Combining Eqs. (57) and (55) leads to,
Our final task for this subleading order analysis is to introduce r m = r 0 + r 1 in (59) and expand around r 0 :
where we have defined the function [here ω ± = ω ± (r m )]
which yields the nonrotating limit of ω I at r = r 0 . To complete our subleading analysis we also need to apply the expansion r m = r 0 + r 1 to ω (1) R . The resulting expression that follows from Eq. (42) is
B. Subleading order analysis with ω-dependent and real β (1) ψΘ and δ (0) ψΘ
In this more general case, we assume expansions,
where the functions {δ i (r), β
i (r)} are taken to be real. We can then use this prescribed ω-dependence in Eq. (37) and proceed exactly as described in the previous subsection to obtain ω I and ω (1) R . For brevity, we quote only the final results:
2 ) 0 ω 0 (1 + α 0 ) + ℓ 2 ω 2 0 (β
where we defined,
The results of the ω-independent case considered in Sec. V A can be recovered by setting δ 0 = δ 1 = 0 and β
= 0, and making the identifications
VI. SUMMARY OF EIKONAL FORMULAE
For reference, here we review the eikonal results of Secs. III-V for the complex QNM frequency ω = ω R +iω I of the coupled system (1).
The frequency ω has the eikonal form,
where each contribution to ω has a nonrotating and rotating contributions. For ω (0) R we have:
where ω 0 = ω ± (r 0 ) is given by Eq. (19) and ω 1 by Eq. (21) . As for ω I and ω
R , they are given by Eqs. (64) and (65) respectively, when the various coupling functions are allowed to have an ω-dependence. In the particular case of ω-independent coupling functions, ω I and ω (1) R are given by Eqs. (60) and (62), respectively. To evaluate these expressions one needs to know the location of the effective potential peak r m in the nonrotating limit r 0 [Eq. (31) ] and its shift due to rotation r 1 [Eq. (33) ]. The radius r m = r 0 + r 1 is defined as the common extremum of the eikonal phase functions i.e. (S ,x ) m = (H ,x ) m = 0 and the corresponding potential is given by Eq. (28).
The above results were obtained assuming the following eikonal scaling for the coupling functions,
where, in general, at each ℓ k -order, the coupling functions can be expanded in a sum over ℓ i ω j , such that i + j = k. These scalings are a necessary condition for the proper implementation of the eikonal approximation, see discussion below Eq. (10).
To ensure consistency between two alternative methods for combining the equations of system (1) in the eikonal limit, and that the particular limit of Paper I can be recovered, we imposed (S ,xx ) m = (H ,xx ) m on the phase functions, see Eq. (5).
VII. A MORE EXOTIC CLASS OF QNMS
So far we have been working with the conventional eikonal scaling ω = O(ℓ). In this section we explore the implications of assuming a 'non-Press' QNM frequency that scales as ω = O(ℓ σ ) with σ > 1 while keeping the same balance ǫℓ = O(1) between the two eikonal parameters. For simplicity, we also assume a non-rotating black hole. By suspending all previous assumptions about the eikonal order of the coupling functions, the general expression (10) now yields the leading order equation,
where for the reasons explained in Section II we have discarded all terms that depend on A, B and their derivatives. Evaluating this expression at r = r m gives,
This equation offers more than one possibility for obtaining 'exotic' QNMs. For instance, assuming the first two terms to be the dominant ones [i.e. β (0) ψΘ = O(ℓ 4σ )] in the eikonal limit we have,
In this case we assume an expansion,
Assuming for simplicity β 3 = 0, we find the roots Clearly, the QNMs discussed in this section, assuming they exist in some theory of gravity, they should become degenerate, ω → 0, in the GR limit of our model.
VIII. BEYOND SPHERICAL SYMMETRY
In this section we abandon our basic assumption of spherical symmetry and go on to consider the axisymmetric and stationary spacetime ds 2 = g tt dt 2 +g rr dr 2 +2g tϕ dtdϕ+g θθ dθ 2 +g ϕϕ dϕ 2 , (76) where g µν = g µν (r, θ). Given the unavailability of black hole perturbation equations for a general spacetime of this type (even within GR) our analysis here is necessarily less ambitious than in the previous sections.
Our principal objective is to study the eikonal QNMs of the massless scalar equation,
where g = −det(g µν ). As we have already seen, the leading order terms are supplied by the second-order derivatives of the field,
Expanding this expression and assuming Φ ∼ e imϕ−iωt we obtain,
with g tt = −g ϕϕ /D, g ϕϕ = −g tt /D, g tϕ = g tϕ /D, and D = g 2 tϕ − g tt g ϕϕ . Our eikonal ansatz is,
and at leading order we have, 
Following the logic of the spherical calculation, the equations for (r 0 , θ 0 ) can be derived by taking the r and θ derivatives of (82) and setting ω = ω ± , i.e. Q ,r (r 0 , θ 0 , ω ± ) = 0 = Q ,θ (r 0 , θ 0 , ω ± ).
Inspection of these equations reveals that the QNMs (84) are the ones associated with the spacetime's photon rings, equatorial or non-equatorial alike, see [37] for more details. Indeed, the geodesic potential for photons is
where b is the impact parameter. With the familiar eikonal identification
the preceding conditions (83) and (85) are equivalent to
that describe a photon ring of radius r = r 0 located at a latitude θ = θ 0 . For example, as discussed in Ref. [37] , such photon rings appear above some spin threshold in two very familiar non-separable stationary-axisymmetric metrics, the Johannsen-Psaltis [38] and Hartle-Thorne spacetimes [39, 40] . In these two examples the emergence of non-equatorial photon rings appears to be closely related to the two-lobed shape of the event horizon [37] . Eq. (82) could admit more solutions than the ones associated with photon rings. An example is provided by the Kerr spacetime where the 'non-equatorial' QNMs with |m| < ℓ are known to be associated with non-equatorial spherical photon orbits in the eikonal limit [41, 42] . Given the intimate relation between the existence of spherical orbits and the separability of the geodesic equations (see Ref. [37] for a detailed discussion) it is not surprising that the separability of (82) is the key reason behind the presence of another family of eikonal QNM solutions.
As a case in point we hereafter assume a Kerr metric and write S(r, θ) = S r (r) + S θ (θ). Then Eq. (82) indeed separates, leading to the pair of equations,
where C is the separation constant and λ ≡ ω/m. It is easy to see that the angular equation can be matched term-by-term to the angular photon geodesic equation,
where Q = Q/E 2 is the rescaled Carter constant and b = L/E is the impact parameter (E, L are the orbital energy and angular momentum per unit mass). The two equations are identical if we identify,
Using the same relations between eikonal and geodesic parameters we can show that the radial equation (89) exactly matches the radial geodesic photon equation [43] . Assuming a radius r = r 0 where S r,r (r 0 ) = 0, we have,
These are the same equations that describe a spherical photon orbit of radius r 0 with parameters b, Q given by the previous relations. The best way of proceeding is to work with the combination R 0 − r 0 R ′ 0 = 0. This yields,
We can subsequently solve R 0 = 0 with respect to the linear λ term, take its square and substitute λ 2 → λ 2 0 . The outcome of this exercise is,
Using this in (94),
These expressions, with their exact correspondence to spherical photon orbits, represent the leading-order eikonal formulae for non-equatorial Kerr QNMs. An analysis along these lines could be carried out for any other separable spacetime, for example, the deformed Kerr metric of Ref. [44] .
IX. CONCLUDING REMARKS
This paper's eikonal analysis of the fundamental QNM of spherically symmetric black holes generalises the results of Paper I [32] by considering additional couplings between the tensorial gravitational field and the (potentially massive) scalar field and, to some extent, the presence of slow rotation.
The resulting eikonal expressions, although somewhat unwieldy and markedly more complicated than those of Paper I, should encompass a large class of black holes beyond GR. The algebraic complexity of our results is the main reason why we have not attempted a similar analysis (although such analysis should be feasible) for the coupled system of three black hole perturbation equations that appear in generalised vector-tensor [19] and in Einstein-Maxwell-dilaton theories [29] . As was the case for the perturbation equations of Paper I, we have been able to show that the eikonal QNM can be associated with the peak of an effective potential although no correspondence to a geodesic photon ring appears to exist (this issue was explored in detail in [32] ).
As a secondary objective of our eikonal analysis, we have explored the possibility of having 'exotic' QNMs; the frequency of such modes is only a function of the coupling parameters that appear in the perturbation equations and becomes trivial (i.e. ω → 0) in the GR limit.
Our toy model of eikonal scalar QNMs in a stationaryaxisymmetric black hole spacetime has revealed a number of interesting properties. There is a class of modes associated with geodesic photon rings; these rings are typically found in the equatorial plane (as in the Kerr spacetime) but could also appear in pairs off the equatorial plane (as in, for example, the Johannsen-Psaltis spacetime [38] ). As thoroughly discussed in Ref. [37] , these non-equatorial photon rings are likely to be the hallmark of geodesically non-separable spacetimes describing non-Kerr black holes. As far as we are aware, this paper provides the first calculation (albeit within the eikonal approximation) of the QNMs associated with these photon rings. If black holes with non-equatorial photon rings exist, their ringdown signals could show interference between the ringdown signals of the individual photon rings.
The second class of QNMs in stationary-axisymmetric black holes is the one associated with non-equatorial spherical photon orbits. These orbits/modes appear provided the spacetime is separable with a Carter-like constant; in the case of Kerr black holes, they correspond to the well-known 'non-equatorial' |m| < ℓ modes. Similar QNMs could characterize the black holes of dynamical Chern-Simons gravity where geodesic motion has been conjectured to be endowed with a higher-than-two rank Killing tensor [45] .
The present work could be extended in a number of ways. The most obvious one is the application of our eikonal formulae to black holes of particular theories of gravity where QNM numerical data are available. Unfortunately, a full numerical solution of the wave equations considered in this paper is still lacking in the literature. The only comparison performed so far concerns the less general equations of Paper I which can be used to model the QNMs of Schwarzschild black holes in dynamical Chern-Simons gravity. The outcome of this exercise has demonstrated the relatively high accuracy of the eikonal results. Another interesting possibility is to implement the eikonal formulae as a generic parametrised scheme with the aim of constraining the coupling between the tensor and scalar degrees of freedom. Thinking further ahead, the eikonal techniques of this paper should be directly applicable to the perturbation equations describing rapidly rotating black holes beyond GR when such equations are derived at some point in the future. ACKNOWLEDGMENTS HOS acknowledges financial support through NASA grants No. NNX16AB98G and No. 80NSSC17M0041. KG acknowledges financial support from grants FIS2015-3454 by the Spanish Ministerio de Educación y Ciencia and PI2019-2356B by the Fundación Seneca (CARM Murcia) and networking support by the COST Actions GWverse CA16104 and PHAROS CA16214.
